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Here we study theoretically the dynamics of a 2D and a 3D isotropic droplet in a nematic liquid crystal under a shear flow.
We find a large repertoire of possible nonequilibrium steady states as a function of the shear rate and of the anchoring of the
nematic director field at the droplet surface. We first discuss homeotropic anchoring. For weak anchoring, we recover the typical
behaviour of a sheared isotropic droplet in a binary fluid, which rotates, stretches and can be broken by the applied flow. For
intermediate anchoring, new possibilities arise due to elastic effects in the nematic fluid. We find that in this regime the 2D
droplet can tilt and move in the flow, or tumble incessantly at the centre of the channel. For sufficiently strong anchoring, finally,
one or both of the topological defects which form close to the surface of the isotropic droplet in equilibrium detach from it and
get dragged deep into the nematic state by the flow. In 3D, instead, the Saturn ring associated with normal anchoring disclination
line can be deformed and shifted downstream by the flow, but remains always localized in proximity of the droplet, at least
for the parameter range we explored. Tangential anchoring in 2D leads to a different dynamic response, as the boojum defects
characteristic of this situation can unbind from the droplet under a weaker shear with respect to the normal anchoring case. Our
results should stimulate further experiments with inverted liquid crystal emulsions under shear, as most of the predictions can be
testable in principle by monitoring the evolution of liquid crystalline orientation patterns or by tracking the position and shape of
the droplet over time.
1 Introduction
Dispersions of particles in a host fluid are important exam-
ples of soft matter with many potential applications in food
industry, drugs, paints and design of new composite materi-
als1. While in colloidal suspensions the hosted particles are
solid, emulsions are dispersions of liquid droplets coated with
a surfactant. When the particles are dispersed in a nematic
liquid crystal, i.e., an anisotropic fluid, where elongated or-
ganic molecules are, on average, aligned along a common di-
rection (director), additional long-range forces, due to elastic
deformations of the director field in proximity of the droplet
surface, are induced and topological defects are observed. De-
fects mediate anisotropic droplet-droplet interactions of dipo-
lar or quadrupolar type that typically lead to the formation of
ordered droplet structures, such as chains and hexagonal lat-
tices2–6.
Due to a large body of theoretical and experimental works,
the equilibrium properties of isotropic droplets in a nematic
host (inverted nematic emulsions) are now well understood:
depending on the strength and direction of the anchoring of
the nematogens at the droplet surface, many equilibrium struc-
tures occur, each with a well defined defect and droplet shape
conformation6. For example, isotropic droplets with normal
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anchoring of the director field at their surface are often accom-
panied by a hyperbolic hedgehog defect2,3 while, for weaker
anchoring a Saturn ring defect (or a pair of antipodal defects
of topological charge -1/2 in 2D) surrounding the droplet is
observed7–9. The processes of defects formation and direc-
tor field orientation in proximity of the droplet surface have
been also investigated numerically by different means such
as molecular dynamics simulations10–13, Monte Carlo simu-
lations14,15 and through minimisation of a Landau-de Gennes
free energy functional16,17, although in many cases the ap-
proximation of undeformable droplet has been considered.
Much less is known, however, on the rheological and re-
sponse properties of isotropic-nematic mixtures when they
are, for example, subject to external perturbations such as
electric, magnetic and flow fields. In fact, although molec-
ular dynamics approaches are in principle able to describe
the time evolution of these systems, they are limited to very
small length and short time scales where hydrodynamic modes
are still irrelevant. Continuum models, based on a Landau-
de Gennes free energy description of the nematogens, have
been used in the past to study either the phase separation dy-
namics of symmetric nematic-isotropic mixtures18 or the ef-
fect of hydrodynamic flow on the orientational order of the
nematic liquid crystal in presence of spherical, rigid, inclu-
sions19. More recently, other theoretical studies, based on a
free-energy description of the system and Lattice Boltzmann
approaches, have been carried out with the aim of characteris-
ing either the equilibrium properties of the interface between
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nematic and isotropic fluids or the shape of a droplet of an
isotropic fluid immersed in a nematic liquid crystal in pres-
ence of a surfactant20,21. In particular Sulaiman et al.22 have
recently introduced and tested a Lattice Boltzmann algorithm
which solves numerically the hydrodynamic equations of mo-
tion of a nematic coexisting with an isotropic phase, either in
absence or in presence of an electric field.
Here we adapt this algorithm to study the effect that an ex-
ternally imposed shear flow can have on the dynamical proper-
ties of inverted nematic emulsions, described as a single two-
or three-dimensional droplet of isotropic fluid surrounded by
a nematic liquid crystal. By varying the shear rate and the
ratio between the elastic energy scales of the nematic in the
bulk and at the droplet surface, we observe a rich dynamical
response. For weak anchoring, the behaviour of the system
resembles that of a sheared isotropic droplet in a binary fluid,
whereas for intermediate and strong anchoring many other
steady states are observed. Of particular interest is the oc-
curence of oscillatory steady states in which the droplet tum-
bles and deforms in the flow (for intermediate anchoring), or
in which the topological defects created by the anchoring de-
tach from the droplet surface and move around in the bulk.
Such oscillatory steady states are possible since the system is
driven far from equilibrium by the applied shear. In our work,
we characterise the steady states in terms both of the droplet
shape (aspect ratio and tilt) and of the defect textures within
the nematic host.
The paper is structured as follows. In Section 2, we in-
troduce the model which describes the equilibrium phase be-
haviour and the hydrodynamics of 2D droplets of isotropic
fluid suspended in a lyotropic nematic liquid crystal. In par-
ticular we write down the Landau-de Gennes free energy of
the system and the Beris-Edwards equations of motion for ne-
matic liquid crystals coupled to Cahn-Hilliard dynamics for
the diffusion of the two species. In Section 3 we partition
our results as follows. First we discuss the equilibrium prop-
erties of a single droplet of Newtonian fluid dispersed into a
nematic host fluid, for different anchoring conditions (either
homeotropic, i.e., normal, or homogeneous, i.e., tangential).
We next present the main findings of the paper referring to the
effect that linear shear flow has on the shape and dynamical
properties of the emulsion. The end of the section is devoted to
extend the study to 3D systems where the defect configuration
at equilibrium is given by a Saturn ring hugging the droplet.
The effect of the shear on the dynamics of the droplet-Saturn
ring pair is presented and compared with the 2D counterparts.
Finally Section 4 is devoted to a discussion of the results and
to conclusions.
2 Model and methods
2.1 Underlying free energy, and equations of motion
We consider an inverted nematic emulsion in an extremely di-
luted regime in which a single isotropic droplet is dispersed
in a nematic liquid crystal. In this two-component system the
droplet is made up of anisotropic-shaped molecules (such as
rods) randomly distributed and oriented in the space. The re-
sulting phase is that of a liquid crystal in the isotropic phase
in which, unlike in the nematic phase, there is neither ori-
entational nor positional order. The physics of the system
can be described in terms of a set of coarse-grained variables
φ(~r, t), ρ(~r, t), ~v(~r, t) and Q(~r, t) which are respectively: an
order parameter related to the relative concentration of the ne-
matic phase (φ(~r, t) = 0 in the isotropic phase); the mass den-
sity; the average velocity field and the tensor order parame-
ter that, within the Beris-Edwards theory23, describes the ne-
matic phase. More specifically, in the uniaxial approximation
Qαβ = q0(nˆαnˆβ− 13δαβ), where nˆ is the director field (Greek
subscripts denote Cartesian coordinates) and q0 is the local
degree of nematic order related to the largest eigenvalue of Q
(0≤ q0 ≤ 23 ).
The equilibrium properties of the system are encoded in a
Landau-de Gennes free energy F =
∫
V f dV , where
f = fb f (φ)+ flc(φ,Q)+ fint(φ,Q)+ fW (Q). (1)
The term
fb f (φ) =
a
4
φ2(φ−φ0)2 + κ2 |∇φ|
2 (2)
stems from a typical binary fluid formalism and is made by
two contributions: the first one is a double well potential
allowing bulk phase separation into a nematic (outside with
φ ' φ0) and isotropic (inside with φ = 0) phase in the droplet
geometry, whereas the second one creates an interfacial ten-
sion between these phases whose strength depends on κ. The
term
flc(φ,Q) = A0
[
1
2
(
1− ζ(φ)
3
)
Q2αβ−
ζ(φ)
3
QαβQβγQγα
+
ζ(φ)
4
(Q2αβ)
2
]
+
K
2
(∂αQβγ)2, (3)
is the free energy density of the liquid crystal phase. It is made
by four contributions (summation over repeated indexes is as-
sumed). The first three, multiplied by the positive constant A0,
are the bulk free energy density for an uniaxial liquid crystal
system with an isotropic-nematic transiton at ζ(φ) = 2.7. The
parameter ζ(φ), which determines which phase (isotropic or
nematic) is the stable one, is assumed to be linearly dependent
on the concentration φ, namely
ζ= ζ0 +ζsφ, (4)
where ζ0 and ζs are constants controlling the boundary of the
coexistence region. The fourth term creates an elastic penalty
for local distortion of the nematic order, within the (standard)
“one elastic constant” approximation24, with K being the re-
sulting single elastic constant. The term
fint(φ,Q) = L(∂αφ)Qαβ(∂βφ) (5)
takes into accout the anchoring of the nematic liquid crystal on
the surface of the droplet. The constant L controls the anchor-
ing strength: if negative the director is aligned perpendicularly
(homeotropic anchoring) to the surface, whereas if positive the
director is aligned tangentially to the surface (planar anchor-
ing). Finally, in presence of confining walls, one has to take
into account the anchoring of the nematic with these bound-
aries. This is described by the last term of Eq. (1)
fW (Q) =
1
2
W (Qαβ−Q0αβ)2, (6)
where the constant W controls the strength of the nematic an-
choring at the walls and Q0αβ = S0
(
n0αn
0
β−δαβ/3
)
with n0α
and S0 being respectively the direction and the magnitude of
the nematic ordering at the walls.
The dynamical equations governing the evolution of the
system are
∂tφ+∂α(φuα) = ∇
(
M∇
δF
δφ
)
, (7)
(∂t +~u ·∇)Q−S(W,Q) = ΓH, (8)
∇ ·~u = 0, (9)
ρ(∂t +uβ∂β)uα = ∂βσtotalαβ . (10)
The first equation, that governs the time evolution of the
concentration φ(~r, t), is a convection-diffusion equation for a
model B25 where M is a thermodynamic mobility parameter
and δF /δφ is the chemical potential.
The dynamics of the liquid crystal order parameter, the ten-
sor Q, is described by Eq. (8) which is a convection relaxation
equation. The first two terms on the left hand side are the
material derivative. Moreover, since for rod-like molecules
the order parameter distribution can be rotated and stretched
by flow gradients, a further contribution S(W,Q) is needed23.
Its explicit expression is
S(W,Q) = (ξD+ω)(Q+ I/3)+(Q+ I/3)(ξD−ω)
− 2ξ(Q+ I/3)Tr(QW), (11)
where D = (W+WT )/2 and ω = (W−WT )/2 are the sym-
metric and antisymmetric parts, respectively, of the velocity
gradient tensor Wαβ = ∂βuα and I is the unit matrix. The con-
stant ξ takes into account the aspect ratio of the molecules of
a given liquid crystal and determines the dynamical behaviour
of the director field under shear, in particular whether it is flow
aligning (ξ ≥ 0.6), giving a stable response, or flow tumbling
(ξ< 0.6), generating an unsteady response. On the right hand
side Γ is the collective rotational diffusion constant and
H=−δF
δQ
+
I
3
Tr
δF
δQ
. (12)
is the molecular field (this is the analogue for Q of the chemi-
cal potential δF /δφ ).
Finally, the last two equations are respectively the conti-
nuity and the Navier-Stokes equations for an incompressible
fluid. Here σtotal is the total hydrodynamic stress which is the
sum of three contributions. The first term is the viscous stress
σviscαβ = η(∂αuβ+∂βuα), (13)
where η is an isotropic shear viscosity23. The second one is
the contribution to the stress due to the liquid crystalline order
and is given by
σlcαβ = −Pδαβ−ξHαγ(Qγβ+
1
3
δγβ)−ξ(Qαγ+
1
3
δαγ)Hγβ
+ 2ξ(Qαβ−
1
3
δαβ)QγµHγµ+QανHνβ−HανQνβ,
(14)
where the pressure P is given by P = ρT − K2 (∇Q)2 (where
T is the temperature), and, except in proximity of the droplet
surface and of the defect cores, is costant in our simulations
to a very good approximation. The last term is the sum of the
interfacial stress between the isotropic and the liquid crystal
phases with the elastic stress due to the distortions within the
liquid crystal phase
σsαβ =−
(
δF
δφ
φ−F
)
δαβ−
δF
δ(∂βφ)
∂αφ− δFδ(∂βQγµ)
∂αQγµ.
(15)
2.2 Numerical aspects and mapping to physical units
Eqs. (7,8,9,10) are solved numerically by using a hybrid lat-
tice Boltzmann method previously used in similar systems
such as binary fluids26, liquid crystals27,28 and active mat-
ter29–31. Unless explicitely stated otherwise, most of the simu-
lations are performed on a two-dimensional rectangular lattice
(Lx= 400, Ly= 120) in which an isotropic droplet is initially
placed at its centre and surrounded by a nematic liquid crys-
tal. The entire system is sandwiched between two parallel flat
walls. We choose a rectangular box with a longer size along
the shear direction in order to minimize the possible effects of
interference between periodic images of the droplet moving
with the flow.
The concentration field φ is initially set to zero inside the
droplet and to a constant value φ0 in the bulk nematic phase.
Similarly, the order parameter Q is initially set to zero inside
the droplet and different from zero elsewhere. In particular
the initial direction of the director in the nematic phase equals
the one imposed at the walls. This means that the director in
the bulk is along the y-direction for homeotropic (or perpen-
dicular) anchoring at walls and along the x-direction if homo-
geneous (or tangential) anchoring is instead considered. We
incidentally note that these initial conditions lead to a droplet
whose final size, after equilibration, depends on the anchoring
conditions of the director on its surface. A similar effect has
been observed in Ref.32 in which an isotropic droplet is em-
bedded in a polar liquid crystal, and has been ascribed to the
deviation of the equilibrium values of φ of the two phases from
the ones at the minima of the free energy (which are φ= 0,2).
This deviation however is, in terms of the radius of the droplet,
< 1% and does not affect in an appreciable way the dynamics
of the droplet under shear. Finally at the walls we impose no-
slip boundary conditions for the velocity field, neutral-wetting
(meaning that there are no flows of matter across the walls26)
for the concentration field and strong anchoring of the nematic
(this is achieved by setting the anchoring strength W = 0.4).
Starting from this initial set up, the system is let to relax
into its equilibrium state that afterwards we shear by mov-
ing both walls along opposite directions at constant speed. In
most simulations the following parameter values have been
used: a = 7× 10−2, D = 5× 10−2, φ0 = 2, Γ = 1, A0 = 1
and η' 1.67. Note that the parameter ξ, appearing in Eq. (8),
tunes the dynamical response of the director field under shear.
We have set ξ = 0.7 which is a value within the flow align-
ing regime where, in a linear velocity profile, the director field
reaches a steady state characterised by a given flow aligning
angle (the Leslie’s angle)24. For completness we have also
perfomed simulations with ξ = 0.5. This corresponds to the
flow tumbling regime where a steady solution under a con-
stant shear rate no longer exists and the director rotates in a
direction consistent with the vorticity of the flow. Although
the overall dynamics of the director field in both regimes is di-
verse, we have not found appreciable differences in the defect
dynamics under a shear flow and here we only report the flow
aligning case.
The key parameters for determining the shape of the droplet
are the tension coefficient, which we have kept fixed to κ =
0.14 (for stability reasons), the interface cross-gradient coef-
ficient L, which ranges from ±10−2 to ±6× 10−2 (negative
values for strong homeotropic anchoring and positive values
for strong tangential anchoring), and the elastic constant K
whose values varies between 8× 10−3 and 8× 10−2. A suit-
able dimensionless quantity which characterises the shape of
the droplet is the ratio λ=FintR/(ΣK), where Fint =
∫
V fintdV
(measured in units of N = Jm−1), Σ is the perimeter of the
droplet (see Appendix 1 for the calculation of Σ when the
droplet shape is deformed under shear) and R its radius. This
quantity measures the strength of the surface anchoring rela-
tive to the bulk elastic deformations24. Typical values for the
anchoring strength Fint/Σ found in the literature33,34 range
from 10−7 J m−2 to 10−3 J m−2, for an elastic constant K
of 10−11N and for a droplet size of 1-10µm. This leads to
a corresponding value of λ varying within the interval 10−2-
103. If λ < 1 surface anchoring is weak compared to bulk
nematic distortions, whereas if λ  1 it is larger and can
significavely deform the director near the droplet. A further
quantity which affects the droplet shape is the surface ten-
sion σ = Fκφ/Σ, where Fκφ =
∫
V dVκ/2(∇φ)2. If κ = 0.14,
σ ' 10−3 in simulation units. This corresponds to a physi-
cal value of 10−5 J m−2, whereas experimental values vary
in the range ' (10−5− 10−2) J m−2 33–35. Unless stated oth-
erwise, we have kept this quantity constant. In the next sec-
tion we show that, depending on the values of these param-
eters, several possible equilibrium shapes, whose structure is
affected by the position of topological defects, can be identi-
fied. These equilibrium states will in turn respond differently
when sheared. Similar shapes have been found and discussed
in Ref.22.
Note that all the aforementioned values are in simulation
units. In order to map them into physical units we follow the
approach given in Ref.22. In particular, assuming to model
a flow-aligning regime, ∼ µm thick device with a rotational
viscosity of roughly 1 poise (a typical value of 5CB), one gets
the length-scale and time-scale to be respectively ∆x= 10−7m
and ∆t = 10−6s. Furthermore, an elastic constant K ranging
between 8×10−3−8×10−2 in simulation units, corresponds
to ' 10−100 pN, within the typical values of nematic liquid
crystals. To compare the effect of anchoring in simulations
and experiments, we can use the dimensionless parameter λ
defined previously.
3 Results and discussion
We first characterize the equilibrium properties of an isotropic
droplet in nematic when either homogeneous or homeotropic
anchoring of the director at the surface of the droplet is con-
sidered. For each case we also look at the effect that different
directions of the anchoring at the walls (i.e. either perpendic-
ular or parallel) may have on the equilibrium configurations.
Later on the dynamical response of the equilibrated config-
urations when subject to a shear flow (flow aligning regime) is
studied for different shear rates.
3.1 Isotropic droplet in a nematic phase at equilibrium
We first consider an isotropic droplet of radius R= 15 located
at the centre of a rectangular box of size Lx = 400, Ly = 80.
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Fig. 1 Equilibrium director profile of an isotropic droplet in a nematic host when homeotropic anchoring is set on its surface, while on both
walls there is strong homeotropic anchoring. In the background is shown the corresponding profile of the largest eigenvalue of the tensor order
parameter Q: this goes from zero, inside the droplet (black region), to ' 0.33 in the nematic phase (yellow region). Red circles indicate the
position of the defects. Parameters are: (a) K = 8×10−2, L=−4×10−4, λ' 2.8×10−3; (b) K = 8×10−2, L=−4×10−2, λ' 1.1; (c)
K = 2.5×10−2, L=−4×10−2, λ' 4.1; (d) K = 8×10−3, L=−4×10−2, λ' 13. As mentioned in the text the simulation box is
rectangular but here only its central part is shown.
The anchoring on the surface of the droplet is homeotropic
and the director is perpendicularly anchored on both walls.
The corresponding simulation is run for 5× 105 time-steps
until the droplet and the surrounding medium are completely
equilibrated, a state achieved when the total free energy is at
its minimum. In Fig. 1 we show four equilibrium configura-
tions obtained by appropriately changing the elastic constant
K and the surface anchoring strength L. In terms of the num-
ber λ, these correspond to λ ' 2.8× 10−3 (Fig. 1a), λ ' 1.1
(Fig. 1b), λ ' 4.1 (Fig. 1c), λ ' 13 (Fig. 1d)∗. When strong
homeotropic anchoring is set on the surface of the droplet
(see Fig. 1), an imaginary defect of topological charge 1 is
enucleated at its centre. The conservation of the topological
charge requires though the formation of two defects of topo-
logical charge −1/2, which are located on opposite parts of
the droplet (see, for instance, Fig. 1c or d). This is the 2D
version of the well-known Saturn ring2,3,36†. The position of
the defects pair can be controlled by properly balancing the
strength of the surface anchoring and the bulk elastic distor-
tions (namely the parameter λ). For λ 1, for instance, sur-
face anchoring is very weak and defects disappear, leaving the
shape of the droplet unaltered (Fig. 1a). Notice that this is
in agreement with the topological charge conservation, as in
absence of anchoring the imaginary defect (of charge 1) does
not form inside the droplet, maintaining the total charge zero.
When the anchoring strength becomes comparable with the
elastic nematic energy (λ ' 1), defects appear on the surface
where they are firmly anchored (Fig. 1b), favouring a nutshell-
like shape of the droplet. For higher values of λ, both de-
fects emerge on opposite sides of the droplet along the equa-
tor (Fig. 1c). Lastly, for λ 1, since the elastic liquid crystal
energy becomes very small compared to the surface energy,
the defects pair are clearly far apart from the droplet and well
inside the bulk nematic phase. Similar droplet configurations
have been also discussed in Ref.22 in which their dynamics in
presence of an applied electric field is studied, and in Ref.20
where the role of a surfactant has also been taken into account.
For homogeneous anchoring at the droplet surface, differ-
ent steady states are expected. In this case we have consid-
ered an isotropic droplet of radius R = 15 embedded in the
nematic phase with homogeneous anchoring on both walls.
This choice determines a final configuration in which two de-
fects of topological charge−1/2 are located on opposite sides
along the equator, similarly to what obtained for the states
of Fig. 1. By varying the values of the nematic elastic con-
stant K we have identified two equilibrium shapes (see Fig. 2).
When the distortion energy overcomes the surface one, defects
∗Since Fint is negative we will implicitly consider its absolute value.
† Other configurations are possible, such as a hyperbolic hedgehog (a defect of
charge −1 located on one side of the droplet) or a disclination ring of a finite
radius (located above or below the droplet). An extensive discussion can be
found in Ref. 36
are completely absorbed within the droplet and the director
profile smoothly surrounds its surface (Fig. 2a). When both
effects become comparable, two defects form on both side
of the droplet, keeping unaltered the total topological charge
(Fig. 2b). The position of defects changes if homeotropic an-
choring is set on both walls. In this case they will form along
the north-south direction of the system, on opposite sides of
the droplet (not shown). However this final state is unstable
to small perturbations and both defects eventually shift and
move along the droplet surface until they find a more stable
conformation.
We finally mention that, in line with previous nematody-
namics studies37,38, we found a small degree of biaxiality es-
pecially close to defects. By following the approach used
in Ref.38, regions of biaxial order can be found by calcu-
lating the values of three parameters, namely el = θ1 − θ2,
ep = 2(θ2 − θ3) and es = 3θ3, where θ1, θ2 and θ3 (with
θ1 ≥ θ2 ≥ θ3) are the eigenvalues of the diagonalised ma-
trix Dαβ = Qαβ+ δαβ/3. These parameters have the follow-
ing properties: 0 ≤ el ,ep,es ≤ 1 and el + ep + es = 1. A
well-ordered uniaxial nematic arrangement will give el ' 1,
whereas regions of isotropy and of planar ordering (the biax-
ial state) correspond to es ' 1 and ep ' 1, respectively. In
particular we found ep ' 0.008 near the defects and ep ' 0 far
from them, either in the nematic or in the isotropic phase.
3.2 Isotropic droplet in a nematic phase under shear
By starting from the equilibrated droplets previously de-
scribed, we now impose a shear flow on the system by mov-
ing the top wall along the y-axis with velocity u and the bot-
tom wall in the opposite direction with velocity −u. This
sets a shear rate γ˙ = 2u/Ly measured in ∆t−1 in simulation
units. In all the cases studied, for low shear rates (typically for
γ˙ ' 10−4) the initial droplet configuration is the same as for
an unsheared system, independently on the values of the elas-
tic constant K and on the surface anchoring constant L. We
will therefore discuss only results whose shear rate is strong
enough to induce deformations and/or droplet motion.
Besides the parameter λ, the shape of the droplet and the
role played by the forces in the system can be characterized
by introducing the capillary number Ca= Rγ˙ηΣFκφ
. This adimen-
sional quantity, often used in rheological experiments, mea-
sures the strength of viscous forces relative to the surface ten-
sion acting at the interface between two immiscible fluids. In
these simulations Ca is expected to range from ∼ 0.1 to ∼ 1.
To quantify the effect of the shear on the droplet shape we also
consider the parameter D= a−ba+b
39 (a and b represent the major
and the minor axis respectively), which measures the droplet
deformation under shear and goes from 0 (no deformation) to
1 (full deformation). A further parameter worth considering is
the Reynolds number Re = ργ˙R2/η, which measures the im-
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Fig. 2 Equilibrium director profile of an isotropic droplet in a nematic host when tangential anchoring is set on its surface. The anchoring is
strong and homogeneous on both walls. On the background the corresponding profile of the largest eigenvalue of the tensor order paramter Q,
which goes from zero inside the droplet (black region) to ' 0.33 in the nematic liquid crystal phase (yellow region). Red circles indicate the
position of the defects. Paramters are: (a) K = 8×10−2, L= 4×10−2, λ' 0.56 and (b) K = 2.5×10−2, L= 4×10−2, λ' 1.92. Only the
central part of the rectangular box is shown.
portance of inertial forces relative to the viscous ones: for low
shear Re 1 but, as the shear rate increases, Re increases up
to ∼ 1 where inertial forces become comparable with the vis-
cous ones and the condition of laminar flow is less complied
with.
A well-known result in binary fluid dynamics is that, if
an immiscible isotropic emulsion is dispersed in a Newtonian
fluid, one would expect that, under shear, the droplet deforms
and orients along the shear flow. Therefore, a first check to
validate our model consists in simulating a sheared system in
which an isotropic droplet with no surface anchoring (L= 0, or
λ= 0) is embedded into a nematic liquid crystal having a mod-
est or low elastic energy. This is the closest approximation of
our system to the simple binary fluid case. In Fig. 3a we show
the steady state attained by the droplet after imposing a shear
(with γ˙= 1.25×10−3) and the director profile of the nematic
phase. Similarly to what observed in immiscible mixtures of
Newtonian fluids, the droplet elongates and afterwards aligns
along the direction of the shear flow, with a deformation rate
that, at steady state, is D' 0.313. The velocity field (shown in
Fig. 3b) is more intense near the walls and weak in the central
region of the lattice, with a clockwise vortex generated by the
droplet. The angle θ formed by the major axis of the droplet
with the shear direction is ' 25.7 degrees, very close to val-
ues reported in literature for a single isotropic phase droplet
under shear at low Reynolds number (for instance in Ref.41
the authors found an angle of 25 degrees for Re = 1). Note
that in our case Re ' 0.31 and Ca ' 0.663. These numbers
indicate that inertial forces are still weak and the whole sys-
tem operates in the Stokes regime. In addition, the director
field aligns along the shear flow far from the droplet and in its
neighbourhood follows almost everywhere the direction of the
major axis. These results will be assumed as benchmark to be
compared with the other cases discussed in the following sec-
tions, in which the surface anchoring is no longer neglected
(meaning λ> 0) and higher shear rates are considered.
Finally, we mention a couple of subtle points which need
to be kept in mind in setting and interpreting our simulations.
First, it is well known that, by increasing the shear-rate, the
temperature at which the isotropic-nematic transition occurs
decreases40. This would correspond to a conversion of the
isotropic phase of the droplet into a nematic one. In our sim-
ulations we avoid this effect by keeping the shear rate small
enough. Second, one needs to avoid interface-interface in-
teractions that can occur in strongly deformed droplets under
strong shear. This is achieved by considering a droplet with
a sufficiently large radius (provided that its interaction with
walls at equilibrium remains negligible) embedded in a rela-
tively long rectangular lattice (necessary to diminish the effect
of the periodic image of the droplet). In our simulations, as the
typical interface thickness separating the droplet and the liquid
crystal is around 8 lattice sites (which corresponds to roughly
1µm), a radius of at least 15 lattice sites is needed. In the
next Sections we will show the results obtained for droplets
with a larger radius (R= 22) and compare these with the ones
observed for a smaller radius (R = 15). In the former, the
equilibrated droplet states are the same as the ones seen for
the smaller radius even though obtained for slightly different
values of λ.
3.2.1 Weak homeotropic anchoring
We initially consider the case in which homeotropic anchor-
ing is set on the surface of a droplet. This anchoring can
be experimentally achieved by means of chemical treatments,
such as coating the droplet with a surfactant which favours a
perpendicular alignment. As previously mentioned, we have
simulated a droplet of radius R = 22 located in a rectangular
box of size Lx = 400, Ly = 120 (area fraction at equilibrium
Aeqiso/A
eq
lc ' 3.3× 10−2) and a droplet of radius R = 15 in a
box of size Lx = 400, Ly = 80 (area fraction at equilibrium
Aeqiso/A
eq
lc ' 2.2×10−2).
When λ 1 the equilibrated droplet assumes the shape of
Fig. 1a (independently of the radius). The dynamics under a
moderate shear (namely for 10−4 < γ˙< 5×10−4) is expected
to be very similar to the case discussed in Fig. 3, in which a
droplet with no surface anchoring (L = 0) has been studied.
Indeed for R = 22, besides the different elastic constant (now
K = 5× 10−2) and the weak contribution of the surface an-
choring (L = −10−2), the shear stretches and elongates the
droplet along the shear flow without generating any net mo-
tion ‡. In particular the droplet reaches a steady state with the
major axis forming an angle θ ' 43 degrees with the shear
direction. The steady state values of the deformation and cap-
illary number are respectively D' 0.095 and Ca' 0.129, not
very far from the ones obtained for the L = 0 case. A very
similar dynamical behaviour is observed for R = 15. In this
case an angle θ ' 40.5 degrees is attained at the steady state
when γ˙ = 2.5×10−4, with a deformation rate D ' 0.082 and
a capillary number Ca' 0.12
An increase of the shear rate determines a shrinkage of the
droplet (regardless of its size) and may lead to its disappear-
ance for very high γ˙. However larger droplets permit the study
of the physics in a wider dynamical range and unveil unex-
pected properties. For instance, a well-know effect observed
on a droplet in a binary fluid mixture is its break-up as the
shear is increased42. This phenomenon is still observed when
isotropic droplets are surrounded by a nematic liquid crystal,
regardless of the presence of topological defects. In particular,
we have identified two possible rupture regimes related to two
different values of γ˙. For γ˙ = 1.25× 10−3 the droplet breaks
in two smaller droplets whereas for higher values, for instance
‡ We set γ˙ = 1.67× 10−4 necessary to avoid an excessive shrinkage of the
isotropic phase (droplet), hence Re' 0.1 at the steady state.
γ˙ = 1.67× 10−3, three smaller droplets result. In Fig. 4 we
show the dynamics of the former case. The droplet, initially
moderately stretched along the shear direction, afterwards un-
dergoes a deeper deformation (see Fig. 4a-b) which further
elongates it. Due to the high shear rate, the rod-like state ex-
hibited in Fig. 4b is however unstable, and the droplet breaks
(Fig. 4c) and divides in two separate smaller droplets (Fig. 4d)
which move along opposite directions. Before the rupture the
rate of deformation increases up to D' 0.9. Unlike the single
droplet case in which the velocity field displays one vortex in-
side the droplet (as in Fig. 3b), now two vortices are formed in
the two smaller droplets, with a magnitude much lower than
the one near the walls. At late times both resulting droplets
gradually shrink and completely disappear.
3.2.2 Intermediate and strong homeotropic anchoring:
the role of defects
Due to the low value of the anchoring strength L, the dynam-
ics discussed so far shows several similarities with the one
observed in a single isotropic droplet (binary fluid-like) un-
der shear. On the other hand, when λ ' 1 the droplet attains
a nutshell-like steady state in which two defects are located
on its surface (see Fig. 1b). This significatively affects its dy-
namics under shear, as shown in Fig. 5 and in Movie S1. If
γ˙ = 1.67× 10−4, the droplet, similarly to the previous case,
stretches and elongates along the shear direction (Fig. 5a-b).
The tilt of the major axis of the droplet can be measured by
looking at the time evolution of the angle θ it forms with the
shear direction, as reported in Fig. 6b (left scale): the droplet
orientation angle initially achieves a maximum at ' 45 de-
grees and afterwards relaxes to a constant value of ' 41 de-
grees. Notice that the value of the angle at the steady state
is very similar to the one measured for the λ 1 case where
defects are absent. During their rotational relaxation the two
defects migrate in phase along the surface, but out of phase
with the rotational motion of the major axis of the droplet, be-
fore getting pinned on opposite sides at the steady state. This
difference might be ascribed to the flow generated by the sym-
metric shear. This stretches the droplet and changes the local
orientation of the director field near the defects, pushing them
along opposite directions. While the axis connecting them ro-
tates of an angle larger than 90 degrees around the centre of
mass of the droplet, that of the droplet aligns along the flow
direction, almost parallel to the director field in the bulk. It
is worth noting that defects are located on the surface of the
droplet but not belonging to it as they are part of the liquid
crystal phase. In addition the droplet acquires unidirectional
motion along the x-axis with an almost constant speed (see
Fig. 5c-d) as the position of the y component of the centre of
mass is slightly shifted upwards (see Fig. 6a in which the x and
the y components of the centre of mass are reported), and at-
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Fig. 3 (a) Steady state director profile of an isotropic droplet in a nematic host with no surface anchoring (L= 0). The anchoring is strong and
homeotropic on both walls. The angle θ indicates the direction of the major axis of the droplet with the shear direction. The elastic constant is
K = 8×10−3. (b) Steady state velocity field when a shear is applied. A vortex forms inside the droplet whereas intense flow fields, in
opposite directions, appear near the walls.
tains a final steady state whose shape is only weakly deformed
by the shear (Fig. 6b, green crosses, plots the deformation pa-
rameter D). We call it bound state (BS), as both defects remain
on the droplet surface.
A persistent rotation of the defects can be achieved if the
shear rate is further increased. Movie S2 shows the dynam-
ics with γ˙ = 4.2× 10−4. Similarly to the previous case, the
droplet quickly deforms and aligns along the shear direction
while both defects rotate clockwise. However, due to high
value of γ˙, the velocity field (very intense near the walls but
weak in the centre, where the typical vortex pattern inside the
droplet forms) pushes the defects over the position attained
for lower γ˙ and drives them around the entire surface of the
droplet. In particular, during an entire cycle, they speed up
their motion near the walls of the cell and then, at the end of
each cycle, slow down as their respective distance from the
walls augments. This dynamics also leaves temporary wake-
like signatures on the director field departing from the defects
(red wakes in Movie S2) and short-living opposite charge to-
pogical defects which annihilate quickly (red spots appearing
in the nematic phase, see Movie S2). A measure of the angle
θ that the major axis forms with the shear direction is reported
in Fig. 7 with a plot of the elastic free-energy
Fel =
K
2
(∂αQβγ)2 +L(∂αφ)Qαβ(∂βφ). (16)
At long times the angle θ displays two close local maxima,
stabilized around 38 degrees, spaced out by two local minima,
one short and one large, both around 30 degrees. Although
defects continuously rotate on the surface of the droplet the
major axis exhibits a characteristic oscillatory behaviour, in
which the two minima are achieved when defects slow down
their motion (far from the walls) and the two close maxima
during the successive cycle (near the walls) (see Fig. 7, red
plusses, left scale). The elastic free energy of the nematic os-
cillates as well at long times (see Fig. 7, green crosses, right
scale); in particular its local maximum corresponds roughly to
the large minimum of θ and its minimum to the local maxi-
mum (on its left) of θ observed during a cycle. A crude ex-
planation of this can be arguably related to the backflow: the
velocity field, much higher near the walls than in the middle
of the cell, aligns the director field more strongly when defects
are closer to the walls (hence diminishing the elastic free en-
ergy) then far from them. Indeed, the director profile observed
in these states supports this interpretation (see the insets (c)
and (d) of Fig. 7). On the other hand, the director field at the
other extremes of the angle θ is significatively different (see
the insets (a) and (b) of Fig. 7). In particular the state (b) has a
lower elastic free energy than that in (d), meaning that elastic
deformations are weaker in (b) than in (d) (notice that these
states correspond to the two minima of θ) whereas the elastic
free energy of the state (a) has a similar value of that in (b).
Interestingly, both the director and the corresponding velocity
field (in the state (a)) acquire an out of plane component (along
the z-direction) which accompanies the escape of the cores of
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Fig. 4 Dynamic evolution of a droplet of radius R= 22 without defects under shear with γ˙= 1.25×10−3, K = 5×10−2 and L=−10−2 (at
equilibrium without shear λ' 0.49). The droplet is initially stretched by the fluid (a) and then undergoes a deep deformation which, after an
intermediate rod-like state (b), breaks (c) and generates two separate droplets moving along opposite directions (d).
the defect pair into the third dimension. The out of plane com-
ponent of the velocity field in particular is roughly one order
of magnitude lower than the other two components. Unlike
a droplet-free flow aligning nematic liquid crystal, the sole
presence of topological defects on the droplet surface unveils
an unexpected flow-tumbling-like dynamics which is overall
akin to that observed in a strictly two-dimensional system but
for a slightly higher value of the shear rate. In the latter in
particular both the director and the velocity field are not signi-
ficatively different from those observed in the quasi-2d case,
and the final steady state (the oscillatory bound state) is pre-
served. In addition, at the steady state the rate of deformation
D of the droplet weakly oscillates around 0.2 and the capillary
number is ' 0.28. The steady state described above, in which
the shear stress induces an oscillatory-rotational motion of the
antipodal defects pair close to the droplet, is, to our knowl-
edge, a new result for an inverted nematic emulsion and we
call it the oscillatory bound state (OBS).
When λ 1 the defects of the equilibrium configuration
are further apart from the droplet surface (see Fig. 1c-d): this
couples to the imposed shear to give rise to further novel dy-
namical behaviours. In particular, depending on the value of
the shear rate, one can identify three additional dynamical
regimes: for very low shear rates (tipically γ˙ < 10−5) both
defects remain close to the droplet surface, as in the oscilla-
tory bound state; for intermediate shear rate only one defect
goes away from the droplet (single bound (SB) state) and fi-
nally, for sufficiently high shear rates, both defects move into
the bulk § (unbound (U) state). In Fig. 8 and in Movie S3
we report the dynamics of the SB state. For γ˙ = 1.25× 10−4
the droplet initially behaves similarly to what seen for the
BS case where both defects, located on opposite sides along
the equator, rotate simultaneously in the clockwise direction
(Fig. 8a-b). Later on the rotation is arrested and the droplet-
defect system, dragged by the fluid flow, slowly moves unidi-
rectionally along the x-axis (Fig. 8c), whereas the defect near
the bottom wall gradually leaves the droplet and moves into
the bulk along the opposite direction (from right to left in the
bottom half part of the system) (Fig. 8d). This defect mo-
tion leaves a characteristic comet-like signature of the director
field in the bulk. Note that the SB state of Fig. 8d occurs be-
cause, at equilibrium (i.e. before the shear is switched on), the
droplet centre of mass is not equidistant from the two walls
(ycm ' 60.5 > L/2 as shown in Fig. 9a). This is the reason
why, under shear, the droplet is slowly dragged by the flow
along the x-direction and, more importantly, reduces the dis-
tance between its surface and the top defect, increasing at the
same time the distance from the bottom defect, which is then
pushed backwards by the fluid. It is interesting to note that,
after the bottom defect moves into the bulk, the droplet ac-
§ For extremely high shear rates the isotropic phase disappears as usual.
celerates attaining a novel steady state with a higher velocity.
During this process the total and the elastic free energies show
a very similar behaviour: at early times (when defects just ro-
tate around the droplet) they increase rapidly. At intermediate
times instead they increase very slowly (this regime refers to
the situation in which the defects move slowly along opposite
direction parallel to the walls). Finally, at longer times, when
the droplet and the bottom defect move apart, they increase
quite rapidly again (see Fig. 9b).
A state in which both defects migrate into the bulk (U,
unbound, state) is achieved by further increasing the shear
rate. In Fig. 10 and in Movie S4 we show this situation
(γ˙ = 4.2× 10−4). The early times dynamics is similar to that
observed for the SB state (see Fig. 10a-b), except for a larger
deformation of the droplet (D ' 0.2 here while D ' 0.08 in
the SB state of Fig. 8). However, the shear rate is now intense
enough along the x-direction to detach both defects from the
droplet. Interestingly, there is not an appreciable motion of the
droplet along the shear direction until the defects, reappear-
ing at the periodic side of the lattice, reapproach the droplet
again. It is worth noticing that an unbound state could be
also achieved by suitably controlling the elasticity of the liq-
uid crystal. Indeed, we have found a very similar dynamics for
a droplet with a smaller radius (R= 15) with the parameters of
Fig. 1d (hence with K = 8×10−3) but with γ˙= 1.25×10−4.
3.3 Diagram of non equilibrium steady states
The results just presented can be summarised and rationalised
into a phase diagram in which the observed steady states are
reported in the λ− γ˙ plane. The diagram displays different
dynamical responses of the droplet under a linear shear. For
λ 1, when defects are not present, a dynamical response
typical of a Netwonian emulsion dominates for all values of
shear rates γ˙. In particular if γ˙≤ 10−3 the droplet deforms and
elongates along the shear flow whereas, for higher values of
γ˙, it breaks into smaller droplets and eventually evaporates¶.
If, on the other hand, λ ' 1, defects pair forms very close
to the droplet surface and, due to the interplay between their
dynamics and the deformation-rotation dynamics of droplet,
three new interesting steady states can be identified. For small
shear rates defects are bound in proximity of the surface of
the droplet and no appreciable difference with the standard bi-
nary fluid behaviour is observed. Increasing γ˙ unveils a region
in which the motion of the droplet along the shear direction
combines with a partial rotation of the defects along its sur-
face. If γ˙ is further increased, a second type of steady state
occurs, in which defects are still bound to the droplet surface
but now persistently rotate around it. Clearly, for sufficiently
¶ We borrow this term from the liquid-gas thermodynamics as the shrinkage
of the isotropic phase is due to the shift of the temperature of the isotropic-
nematic transition which favours the liquid-crystal phase.
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Fig. 5 Dynamic evolution of the droplet of radius R= 22 with defects located on its surface (see Fig. 1b for the corresponding equilibrium
state) with γ˙= 1.67×10−4. While they rotate in the clockwise direction ((a)-(b)), the droplet deforms and elongates along the shear flow
((a)-(b)) and, at the same time, acquires unidirectional motion along the x-axis dragged by the fluid ((c)-(d)). The capillary number is ' 0.127
at the steady state and Aiso/Alc ' 3.3×10−2. See Movie S1 for the complete dynamics.
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Fig. 6 In panel (a) a plot of the x and y components of the centre of mass (red plusses-left scale and green crosses-right scale, respectively) of
the droplet of Fig. 5 are reported. The droplet acquires motion with an almost constant speed since the shear is switched on. In panel (b) the
angle the major axis forms with the shear direction (red plusses, left scale) and the deformation parameter D (green crosses, right scale) are
reported. Logarithmic time scale is set on the x-axis. The droplet attains a weakly deformed steady state with the major axis forming an angle
of ' 43 degrees with the shear direction. The black lines in both panels indicate the times at which snapshots (a)-(d) of Fig. 5 are taken.
high values of γ˙, the droplet breaks up and eventually evapo-
rates. For λ 1 the defects pair forms still in proximity of
the droplet but in the nematic phase and this gives rise to two
additional steady states: in the first one, for intermediate val-
ues of γ˙, only one defect remains close to the droplet while
the other one starts to move freely with the shear flow (single
bound state). When, on the other hand, γ˙ is sufficiently high,
the second defect leaves the droplet as well and moves in the
bulk (unbound state).
3.4 Homogeneous anchoring
When homogeneous (or tangential) anchoring is set on the
surface of the droplet a different dynamical response of the
system is observed. For these cases, our simulations are per-
formed by using a rectangular box of size Lx = 400, Ly = 80
with a droplet of radius R = 15. When defects are imaginary
(see Fig. 2a), the dynamical behaviour under shear is similar
to the one observed with homeotropic anchoring at low shear
rate (γ˙ = 2.5× 10−4): the droplet aligns with shear flow with
θ ' 40. In the presence of defects at the droplet surface (as
in Fig. 2b), however, the situation is different from that with
homeotropic anchoring. In this case, we observe a slow drift
of the droplet along the x-direction induced by the defect at
its right. Accordingly, the droplet increases its distance from
the defect located on its left, which gradually leaves the sur-
face of the droplet (see Movie S5). This establishes a transient
single-bound state which lasts until the “free” defect wraps
the periodic boundaries: when this happens, the mobile de-
fect rotates clockwise around the surface and this time remains
bound, trapped by the elastic interactions. A similar dynam-
ics has also been observed for higher shear rates, before the
droplet evaporates. Steady unbound states with defects in the
bulk of the nematic host could instead be found either by de-
creasing the nematic elastic constant K or by increasing the
surface anchoring L. Indeed, when imposing L= 5.6× 10−2
the equilibrated droplet looks very similar to the one of Fig. 2;
however, under a shear rate of γ˙= 2.5×10−4 we now observe
defect detachment. This is possible because a large value of
L augments the distance between each defect, which favours
detachment.
3.5 Extension to 3D systems
The rich phenomenology found in the 2D system may be ob-
served in thin film of inverted nematic emulsions under shear;
however it is of interest to ask to which extent this also occurs
in a fully 3D system. For simplicity, we only consider here
the case where without shear the droplet is accompanied by a
Saturn ring defect (the case of a hyperbolic hedgehog defect
may also be of interest). Previous experimental and numeri-
cal studies on micron-size droplets hosted in a liquid crytstal
and advected by a flow indicate that the Saturn ring defects
formed around them are visibly displaced in the downstream
direction and eventually collapse into a hyperbolic point de-
fect16,43. Here we look at how a linear shear may impact
on the Saturn ring-droplet system by restricting ourselves to
3D isotropic droplets hosted in a liquid crystal fluid that is
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Fig. 7 A plot of the angle θ the major axis of the droplet forms with the shear direction (red plusses, left scale) and a plot of the elastic liquid
crystal free-energy (green crosses, right scale) versus simulation time are reported for the dynamics shown in Movie S2. The angle θ displays
a periodic behaviour in which two close maxima around 38 degrees correspond to the dynamic state of both defect close to the walls, whereas
at the local minima defects are far from walls. The elastic free-energy (the sum of the elastic term in the bulk free energy multiplied by the
constant K and the surface anchoring contribution multiplied by the constant L) oscillates too. The four insets show the droplet and the nearby
director profile. Red and blue circles indicate the position of the defects. Here Aiso/Alc ' 2.7×10−2 at steady state.
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Fig. 8 Dynamic evolution of a droplet of radius R= 22 with defects located out of its surface with γ˙= 1.25×10−4 (see Fig. 1c or d for the
corresponding equilibrium state). The droplet is stretched along the shear flow and the two defects, initially on opposite side of the droplet (a),
move in clockwise direction along its surface (b). Afterwards the one near the bottom wall detaches from the surface (c) and migrate away
from it (d), leaving a characteristic comet-like signature on the director field, whose bulk structure is now almost completely aligned along the
shear flow. At steady state the capillary number is ' 0.095 and Aiso/Alc ' 3.4×10−2. See also Movie S3 for the complete dynamics.
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Fig. 9 (a) x and y components of the centre of mass (red plusses, left scale and green crosses, right scale respectively) relative to the dynamics
shown in Fig. 8. After the shear is switched on the droplet acquires unidirectional motion along the x-axis, with an almost constant velocity at
early times, up to t ' 250×103. Afterwards, when the lower defect detaches from the droplet, this moves faster attaining a second steady
state with a higher velocity. On the other hand the y-component remains almost constant although initially, when the droplet is at rest, slightly
shifted upwards. This breaks the symmetry and allows the droplet to move along a preferential direction. (b) A plot of the total free energy
(red plusses, left scale) and the elastic one (green crosses, right scale) for the dynamics shown in Fig. 8 is reported. Black lines indicate the
times at which the corresponding snapshots of Fig. 8 are taken.
homeotropically anchored to the droplet surface. The system
is made by a single droplet of radius R = 14 sandiwched be-
tween two walls at Lz = 0 and Lz = 40. Along the x and y
directions, periodic boundary conditions are considered with
Lx = 60 and Ly = 40. Since, as a first approximation, the
droplet is expected to assume a generic ellipsoidal shape, we
compute a set of three dimensionless numbers, cl , cs and cp,
measuring respectively the degree of prolateness, sphericity
and oblateness of the ellipsoid.
These quantities are defined as
cl =
a−b
a+b+ c
, (17)
cs =
3c
a+b+ c
, (18)
cp =
2(b− c)
a+b+ c
, (19)
where a, b and c are the principal axes of the ellipsoid, such
that a ≥ b ≥ c ≥ 0. For example, to establish whether the el-
lipsoid is more prolate than oblate one can compare cl with cp:
if cl > cp, the ellipsoid tends to be prolate whereas if cl < cp
the droplet is more oblate. Two extreme cases can be identi-
fied: for cl = 1 the ellipsoid degenerates into a segment while,
if cp = 1 (i.e. a = b > 0 and c = 0) the ellipsoid degenerates
into a two-dimensional circle. Finally if cs = 1 the spherical
shape is recovered (a= b= c).
Since, similarly to the 2D case, we expect that the equilib-
rium location of the defect and its dynamics under shear flow
depends on the adimensional ratio λ, we consider the two ex-
treme cases of λ ' 1 and λ >> 1. In both cases the system
is first let to equilibrate in absence of shear; the resulting con-
figuration is then used as initial condition of the shear experi-
ment.
The equilibrium state for λ ' 1 is shown in Fig. 12a: it
is readily seen that the droplet assumes a slightly deformed
spherical shape with cl ' 0.036, cs ' 0.89 and cp ' 0.073.
The nutshell-like shape of the droplet is due to the location
of the Saturn ring defect right at its surface, a situation simi-
lar to that reported in Fig. 1b for the corresponding 2D case.
Note that the director field is almost everywhere parallel to
the z-axis, except in proximity of the droplet surface where,
due to the strong homeotropic anchoring, a large splay-bend
distortion emerges (Fig. 12a). When a moderate shear flow is
imposed on the system (γ˙= 3.75×10−4), the droplet does not
move with the flow but simply stretches and elongates along
the shear flow (resembling the 2D case of Fig. 5), and achieves
a final steady state whose shape is that of a prolate ellipsoid
(cl ' 0.12), with its major axis oriented at roughly 33 degrees
with the shear direction (Fig. 12b and Movie S6).
As expected, the director field orients preferentially along
the shear direction at the centre of the system while it strongly
bends both in proximity of the Saturn ring and towards the
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Fig. 10 Dynamic evolution of a droplet of radius R= 22 with defects located out of its surface with γ˙= 4.2×10−4 (see Fig. 1c or d for the
corresponding equilibrium state). The dynamics at early times ((a) and (b)) is analogous to that of the SB state, except for a larger droplet
deformation D= 0.2. Indeed, the droplet stretches along the shear flow and defects simultaneously rotate clockwise. Afterwards, due to the
high shear rate, both defects are dragged away from the surface of the droplet, whose position, unlike the SB case, is not appreciably changed.
At steady state the capillary number is ' 0.28 and Aiso/Alc ' 2.6×10−2.
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Fig. 11 A qualitative phase diagram of the steady states observed under shear in the λ− γ˙ plane (both in simulation units). For λ 1 defects
are absent and a Newtonian dynamics dominates. For λ' 1 defects pair forms near the surface of the droplet. For small and intermediate
values of γ˙ the droplet is either quiescent or acquires motion along the shear direction combined with a partial rotation of the defects. This is
the bound state (BS). If γ˙ is further augmented, a persistent rotation of both defects is found. This is the oscillatory bound state (OBS). For
λ 1 defects are fully in the nematic phase. For intermediate values of γ˙ one of the defects leaves the droplet while the other one remains
connected (single bound state (SB)). For higher values of γ˙ both defects are dragged by the shear flow and disconnect from the droplet
(unbound state (US)). In all cases, for very high γ˙, the droplet breaks into smaller droplets which eventually evaporate. The circles indicate the
position in the phase diagram of the systems described in the figures of the manuscript. More specifically we have: λ= 0, γ˙= 2.5×10−4 (red
circle); λ' 0.49, γ˙= 1.25×10−3(green circle); λ' 1.58, γ˙= 1.67×10−4 (blue circle); λ' 1.58, γ˙= 4.2×10−4 (orange circle); λ' 3,
γ˙= 1.25×10−4 (yellow circle); λ' 3, γ˙= 4.2×10−4 (cyan circle).
walls. The Saturn ring itself does not experience an apprecia-
ble deformation but rotates in the y−z plane with its symmetry
axis (passing through the centre of the ring) remaining almost
parallel to the major axis of the ellipsoid.
For higher values of the shear rate the dynamics of the
droplet and accompanying Saturn ring is significatively differ-
ent. In Fig. 13 we report a simulation in which γ˙= 1.1×10−3
(see also Movie S7). After the shear is switched on, the
droplet initially aligns and elongates along the flow direction
(Fig. 13b) achieving a highly prolate (cl ∼ 0.18) intermedi-
ate (non-steady) state (Fig. 13c). In this state the Saturn ring
remains firmly anchored at the droplet surface. Interestingly,
though, instead of surrounding the equator of the droplet (as
for the case when γ˙ = 3.75× 10−4), the disclination ring fol-
lows the droplet deformation and stretches along the entire
surface. Later on a more complex rearrangement is observed:
the droplet moves slightly upwards (along the z-axis), in re-
gions of the system in which the flow (direct along the x-axis)
is more intense, and rotates around its major axis (Fig. 13d).
Finally it is pushed forwards and the Saturn ring slips down-
stream, opposite to the direction of motion (Fig. 13e-f). The
downstream motion of the Saturn ring agrees with the previ-
ous studies on similar systems16,43 and can be considered as
the 3D concounterpart of the 2D bound state observed before
(see Fig. 5).
For λ 1 the equilibrium configuration is characterised by
a Saturn ring surrounding the droplet but now fully embed-
ded in the nematic phase (see Fig. 14a). As for λ ' 1 we
can distinguish two dynamic regimes, depending on the value
of the shear rate. While for a moderate shear rate the Saturn
ring mantains its shape unaltered and simply orients its axis
along the major axis of the deformed droplet, for higher val-
ues a more complex behaviour is observed (see Fig. 14 and
Movie S8, in which γ˙ = 10−3). Initially the droplet strongly
deforms (cl ' 0.3, cs ' 0.6 and cp ' 0.08) with its major axis
aligning almost parallel to the shear flow, while the Saturn
ring, although located almost at the centre of the droplet, un-
dergoes an S-like deformation (Fig. 14b-c), less pronounced
though than that observed for λ ' 1 and γ˙ = 1.1× 10−3. Af-
terwards, the droplet is advected by the flow along the x-axis
while the disclination ring slips towards the rear part of the
emulsion where eventually it gets pinned (Fig. 14d-e-f). In-
terestingly the shift of the Saturn ring occurs whenever the
droplet acquires motion, namely when, for instance, its centre
of mass shifts (either upwards or downwards). Thus, unlike in
2d, where for λ 1 by increasing the shear rate, the SB and
the U state could be observed, here the defect ring sticks to
the droplet even for intense shear rates. The further dimension
therefore appears to diminish the number of possible dynami-
cal states the system can explore.
Note that, although the starting position of the centre of
mass of the droplet is placed at the centre of the simulation
box, especially for high values of the shear rate this situation is
highly unstable, and any small variations either in the director
field or in the velocity field inevitably drags the droplet away
from it. For higher values of the shear rate we may expect
the Saturn ring to further shrink into a hyperbolic hedgehog,
although we have not found evidence of this effect within the
simulation times considered here.
4 Conclusions
In conclusion, we have studied the dynamics of a 2D isotropic
droplet immersed in a nematic host under an imposed sym-
metric shear flow. The physics of the steady states is mostly
determined by the shear rate and the strength of the anchor-
ing of the director field at the droplet surface. For weak or
no anchoring, the system behaves similarly to a droplet in a
binary mixture of isotropic, Newtonian, fluids. On the other
hand, for intermediate or strong anchoring a variety of non-
trivial non-equilibrium steady states are possible. One op-
tion is to create an oscillatory steady state, where the droplet,
for instance, tumbles in the flow. Another option is to create
highly dynamic states where one or both the defects, which
accompany the droplet when quiescent, detach from the sur-
face of the droplet and become mobile due to the imposed
shear. For 3D systems and homeotropic anchoring the defect
pair becomes a Saturn ring surrounding the droplet. We have
shown that, regardless of the shear rate and of the surface an-
choring strength, the disclination ring always remains local-
ized around the droplet although it can be highly deformed
and shifted downstream (similarly to the moving bound state
observed in 2D). In this respect the unbound and single de-
fect states observed in 2D can be seen as a limiting case of
an inverted emulsion confined within a very thin film of liquid
crystal.
All these findings suggest that the rheological response of
an isotropic droplet in a nematic host is much richer than pre-
viously probed, and can further be tuned by varying strength
and nature of the anchoring, together with the magnitude of
the imposed flow. A viable route to test our results experimen-
tally is, for instance, in microfluidic and rheology experiments
on water-liquid crystal emulsions (or other mixtures contaning
a liquid crystal and a Newtonian fluid).
5 Appendix 1
Here we briefly describe how we calculate the perimeter of
the droplet when its shape is deformed under shear. More
specifically, our simulations show that the droplet aligns along
the direction of the shear flow, elongates and often acquires
motion, with a shape reminding that of an ellipse. In order to
calculate the ellipse which best reproduces the boundary of
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Fig. 12 (a) Equilibrium configuration of an isotropic 3D droplet embedded in a nematic liquid crystal homeotropically anchored both at the
droplet surface and at the walls. The equilibrium value of the parameter λ is roughly equal to 1. (b) Steady state of the system described in (a)
under a moderate shear (γ˙= 3.75×10−4). The droplet (namely its major axis) orients parallel to the shear flow while the Saturn ring (almost
undeformed) rotates in the y− z plane following the major axis of the droplet. The director field is almost everywhere aligned along the shear
direction except in proximity of both the droplet surface and the walls, where strong hometropic anchoring is set. Here K = 5×10−2 and
L=−4×10−2.
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Fig. 13 (a) Equilibrium configuration of a 3D isotropic droplet embedded in a nematic liquid crystal homeotropically anchored both at the
droplet surface and at the confining walls. At equilibrium λ' 1. Panels (b-d) represent intermediate states of the system when it is subject to a
sufficiently strong shear rate (γ˙= 1.1×10−3). When the shear is turned on, the droplet is initially stretched by the fluid (b) and afterwards it
aligns along the direction of the shear flow (c). Later on it slightly rotates around its major axis and moves upwards (along the z-axis), towards
regions of higher shear flow (d). The droplet then acquires unidirectional motion along the x-axis and the Saturn ring moves downstream, i.e.,
in the opposite direction of the motion (e-f). Here K = 5×10−2 and L=−4×10−2.
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Fig. 14 (a) Equilibrium configuration of a 3D isotropic droplet embedded in a nematic liquid crystal homeotropically anchored both at the
surface droplet and at the walls. Here λ 1. When a sufficiently high value of shear is established (γ˙= 10−3), the droplet aligns along the
shear flow and elongates into an elliptic prolate shape. The Saturn ring, initially surrounding the equator of the droplet, rotates (with the axis
almost parallel to the major axis of the emulsion) and slightly deforms ((b)-(c)). Later on, when the droplet is advected by the fluid along the
x-axis, the Saturng ring moves downstream, and eventually gets pinned at the downstream extremity of the droplet ((d)-(e)-(f)). Here
K = 5×10−2, L=−8×10−2.
the droplet, we compute the inertia tensor of a flat elliptical
disk, which is given by
I=
(
∑imi(yi− ycm)2 −∑imi(xi− xcm)(yi− ycm)
−∑imi(xi− xcm)(yi− ycm) ∑imi(xi− xcm)2
)
,
where xcm and ycm are the coordinates of the centre of mass
of the droplet. The mass mi of the i-th lattice site is related to
the local concentration φi as follows:
mi = 1− (φi−φmin)φmax−φmin , (20)
where φmin and φmax are the minimum and the maximum val-
ues of φ in the system. In particular φmax = 2 in the nematic
phase and φmin = 0 in the isotropic phase. With this definition,
mi ' 1 in the isotropic phase and mi ' 0 in the liquid crystal
phase. In addition, for numerical stability we have imposed a
cutoff on the mass values, namely we have set mi = 0 when
mi < 0.04. By diagonalizing the matrix I, one gets the prin-
cipal axes of inertia, which coincide with the x and y axes in
an unsheared system. The principal moments of inertia are
1/
√
Ix and 1/
√
Iy, where Ix =Mb2/4 and Iy =Ma2/4 are the
eigenvalues of I, M = ∑imi, and a and b are the semiaxes. An
estimation of the perimeter can be thus obtained through the
Ramanujan formula44
Σ= pi
[
(a+b)+
3(a−b)2
10(a+b)+
√
a2 +14ab+b2
]
. (21)
Lastly, the angle that the major axis forms with the direction
of the shear flow can be calculated from the eigenvectors of the
matrix.
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